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Shape memory alloys (SMAs) are increasingly becoming a topic of research in the area of smart materials. In this study,
the design and analysis of a SMA reinforced joint is presented to elucidate the contribution of the active composite layer to
the reduction of stress concentrations in the adhesive layer. Basic thermo-mechanical properties of the SMA are obtained
by micromechanics. The forces and moments at the joint edges are obtained by incorporating the thermo-mechanical eﬀect
of the active composite layer within the joint. Further, an analytic model based on the ﬁrst-order shear deformation theory
was employed to conduct stress analyses of this joint system. The state-space method was utilized to obtain the ﬁnal ana-
lytic solutions, including the peel and shear stresses in the adhesive layer. Detailed numerical analyses are conducted. The
results conﬁrm that the active composite layer signiﬁcantly reduces stress concentrations at the joint edges.
 2006 Elsevier Ltd. All rights reserved.
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Adhesively bonded composite joints have been increasingly used in engineering applications. Compared to
traditional mechanical fastening methods, there are attractive advantages associated with adhesively bonded
joints, for example, lower edge stress concentration factors, more uniform distribution of stress, lighter weight,
water tightness and better fatigue properties, etc. However, since the loads are transferred in the form of shear
and peel stresses through the adhesive layer, the failure of these joints generally occurs prematurely. A better
understanding of the shear/peel stress distribution in the adhesive layer and the further reduction of stress con-
centrations becomes critical in improving the ultimate capacity of adhesively bonded joints.
A number of studies have been conducted to theoretically and numerically analyze the stress distribution
within the edges of the adhesive layer; Goland and Reissner (1944), Cornell (1953), Hart-Smith (1973), Allman
(1977), Delale et al. (1981), Adams and Wake (1984), Roberts (1989), Cheng et al. (1991), Oplinger (1994), Lin0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.007
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calves et al. (2002) and Osnes and Alfred (2003). These researchers tend to conﬁrm that a stress concentration
always exists in the adhesive layer, and that stress is the main cause of joint failure. Additional research has
discovered that the stress distribution in the adhesive layer can be signiﬁcantly altered and the stress concen-
tration at the joint edges can be signiﬁcantly reduced by adjusting the adherend thickness, length and material
properties; Hart-smith (1983), Roberts (1989), and Cheng et al. (1991). As a result, some improved manufac-
turing methods have been adopted to reduce the stress concentration and enhance the eﬃciency of such joints
in engineering applications. These methods include rounding oﬀ the sharp edges, spewing ﬁllets and tapering
the adherends; Hart-smith (1983) and Roberts (1989). Another eﬀective method for reducing stress concentra-
tions is using reinforced patches in the adhesive layer. Albat and Romilly (1999) have developed an adhesively
bonded double symmetric joint to reduce the eﬀect of the stress concentration; their work has been theoret-
ically validated based on the shear lag model.
Many of these methods are based on mechanical stiﬀening methods. In order to smartly and eﬃciently
improve the joint strength, a smart joint concept, using piezoelectric materials, has been introduced to the tra-
ditional adhesively bonded joint; Cheng and Taheri (2005, 2006), Cheng et al. (2006a), and Cheng et al.
(2006b). This has been conﬁrmed as a very eﬀective method to reduce the stress concentration in the adhesive
layer. It is the objective of this work to employ a thermo-mechanically coupled shape memory alloy to fabri-
cate a SMA ﬁber reinforced layer to act as a smart actuator in an adhesively bonded single-strap joint system.
It is well known that smart materials, such as piezoelectric and ferroelectric ceramics, which have outstand-
ing thermo-electro-mechanic coupling characteristics, have been widely used as sensors and actuators in prac-
tical engineering structures; Crawley and de Luis (1987), Lee and Moon (1990), Liang and Rogers (1992),
Lagoudas and Bo (1994), Chen and Levy (1996), Brinson et al. (1997), Bruch et al. (2000), Wang and Wang
(2000), Cheng et al. (2000a), Pae et al. (2000), Batra and Geng (2001), Wu et al. (2001), Luo and Tong (2002),
Shaw (2002), Tsai and Chen (2002) and Cheng et al. (2005a,b). Further, due to the elasticity and shape mem-
ory characteristics, as detailed in Fig. 1 with the relevant phase transformation, shape memory alloy can be
easily deformed into various shapes, such as ﬁbers, wires, springs, bars and plates, etc., which is diﬃcult
for conventional brittle piezoelectric materials. SMA has been utilized as actuators to successfully control
the larger static deformation and vibration of various larger structures; Liang and Rogers (1992), Lagoudas
and Bo (1994), Chen and Levy (1996), Brinson et al. (1997), Epps and Chandra (1997), Pae et al. (2000), TsaiFig. 1. Thermo-mechanical behavior of NiTi wire: (1) Shape memory eﬀect (0–4); (2) pseudoelastic loop (5–10) (Shaw, 2002).
J. Cheng et al. / International Journal of Solids and Structures 44 (2007) 3557–3574 3559and Chen (2002) and Zak et al. (2003). Previous experimental and theoretical studies have conﬁrmed that the
strain can be controlled by changing the temperature through heating/cooling the SMA parts in the smart
layer, eﬀectively increasing the structural failure resistance. In this work, SMA materials and their composites
will be extended to application in adhesively bonded composite joint systems.
There exists three main approaches to determining the eﬀective properties of SMA materials: the ﬁrst uses
Tanaka’s nucleation kinetic equation to set up the phenomenal constitutive models to directly ﬁt and predict
the uniaxial response of SMAs; Tanaka and Nagaki (1982), Liang and Rogers (1990) and Ivshin and Pence
(1994), the second is based on a micromechanical method and considers the Martensitic variants as transform-
ing inclusions to obtain the strains and stresses via the volume average calculated over a representative volume
composed of many inclusions; Patoor et al. (1988), Sun and Hwang (1993), Lu and Weng (1997) and Huang
and Brinson (1998), and the third develops some complicated 3-D plasticity models with internal variables to
predict the constitutive relationship; Liang and Rogers (1992), Boyd and Lagoudas (1994) and Brocca et al.
(2002). The quasi-static mechanical properties of an SMA composite lamina have also been studied by some
researchers via micromechanical models; Lagoudas et al. (1994), Berman and White (1996) and Marﬁa and
Sacco (2005).
An adhesively bonded smart single-strap composite joint integrated with a SMA ﬁber reinforced layer
under symmetrical and quasi-symmetrical structural conditions is constructed. Once the eﬀective properties
of the SMA composite are obtained the eﬀect of the integrated SMA composite layer on the forces and
moments at the joint edge is evaluated. Further, a theoretical model based on the ﬁrst-order shear deformation
theory (FOST) is developed to conduct basic stress analyses of the SMA reinforced joint system under the
action of thermo-mechanical loading, including the peel and shear stresses in the adhesive layer. A state-space
method will be used to obtain the analytical solutions. In order to better understand the eﬀect of the integrated
SMA ﬁber reinforced layer on the reduction of the stress concentration in the joint, some numerical examples
are presented and the integrity and eﬃciency of the SMA reinforced joint system is validated.2. Construction of an adhesively bonded smart joint with an SMA reinforced layer
It is well known that a conventional adhesively bonded single-strap joint is composed of adherends and an
adhesive layer; Fig. 2(a). The single-strap joint is a symmetric structure with identical material properties and
geometries of adherends. Even though possessing diﬀerent material properties and geometries of adherends, a
single-strap adhesive joint can be regarded as a quasi-symmetric joint structure. Based on the symmetric or
quasi-symmetric structural behavior of the single-strap joint, a smart adhesively bonded single-strap joint inte-
grated with an active smart SMA composite layer is developed. From previous studies it has been found that
the maximum peel and shear stress in the adhesive layer can be signiﬁcantly reduced by changing the force and
moment at the joint edge; Roberts (1989), Cheng and Taheri (2005, 2006), Cheng et al. (2006a) and ChengCommon single-strap joint
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Fig. 2. Basic structures of a single-strap joint: (a) a conventional single-strap joint; (b) a smart single-strap joint with surface bonded SMA
composite; (c) a smart single-strap composite joint integrated with a SMA composite layer.
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Fig. 3. Construction of a smart single-strap joint with a SMA composite layer.
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system is idealized for a smart joint with surface bonded SMA ﬁber reinforced layers, as shown in Fig. 2(b),
and for a smart joint with internal integrated SMA layers; Fig. 2(c). The temperature change induced expan-
sion and contraction of the SMA composite layers can cause additional forces and moments at the joint edges
reducing or increasing the stress concentration at the joint edges. Since the adhesive joint is generally subjected
to an external axial tension or bending moment at room temperature, it is to be expected that the SMA com-
posite layer will expand/contract due to a temperature rise/drop so as to cause an additional forces and
moments, which in principle is similar to previous analyses of a smart joint integrated with piezoelectric patch-
es. There are many processing methods available when fabricating the SMA composite. For example, for
homogeneous elastic adherends, the SMA composite layer and the smart joint can be constructed by the fol-
lowing process; Fig. 3: (1) mixing the required SMA ﬁbers with an polymer matrix such as an epoxy and then
heating to the stress-free Austenite ﬁnish temperature and curing the SMA composite, while the SMA is in the
ﬁfth stage, of Fig. 1; (2) bonding the cured SMA composite layer to the joint and then cooling to room
temperature, while the SMA is in the second stage, of Fig. 1. It is noted that the SMA should have a
stress-free Austenite ﬁnish temperature and a stress-free Martensite start temperature higher than room tem-
perature in order for the SMA layer to induce extension deformation as the temperature drops; see Fig. 1. For
the composite joint system, the SMA composite layer is laminated into the composite adherend. The stacking
sequence of the SMA ﬁber reinforced layer has a signiﬁcant eﬀect on the eﬃciency of the smart joint. Once the
eﬀective properties of the SMA composite are determined, the eﬀect of the integrated SMA on the forces and
moments at the joint edges are evaluated.3. Eﬀective properties estimation of SMA composite materials
The constitutive model of the SMA materials can be described by a set of state variables including the
strain, temperature and the Martensite volume; Liang and Rogers (1992). In this study, the stress of the
SMA materials is expressed by three parts: the mechanical stress, the thermo-elastic stress, and the stress
due to the inherent phase transformation as follows:rs  r0 ¼ EsðnÞðes  e0Þ þ #ðT 1  T 0Þ þ Xðn n0Þ ð1Þ
where the subscript ‘‘0’’ denotes the initial condition of the relevant terms. Es is the elastic modulus of the
SMA materials, which is related to the Martensite volume fraction n that is deﬁned as the volume of Mar-
tensite divided by the total volume of Martensite and Austenite. # and X are the thermo-elastic and phase
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deﬁned as rr1 = X(n  n0), from which the inherent eigenstrain due to phase transformation can be
obtained.
The elastic modulus Es of the SMA materials can be determined by the temperature change DT, Austenite
Young’s modulus EA, Martensite Young’s modulus EM and Martensite volume fraction n. It is approximately
assumed that the elastic modulus Es of the SMA materials has the following simple form, similar to the expres-
sions in Lagoudas et al. (1994):ESMA ¼ nEM þ ð1 nÞEA ð2aÞ
Similarly, the thermal expansion coeﬃcient and the shear modulus of the SMA ﬁber is determined by:aSMA ¼naM þ ð1 nÞaA ð2bÞ
GSMA ¼nGM þ ð1 nÞGA ð2cÞwith the Martensite volume fraction n varying with the external thermo-elastic loading corresponding to Liang
and Rogers’ constitutive model (Liang and Rogers, 1992):n ¼ nM
2
fcos½aAðT  AsÞ þ bAr þ 1g; Mf 6 T 6 Ms ð3aÞ
n ¼ 1 nA
2
cos½aMðT Mf Þ þ bMr þ 1þ nA
2
; As 6 T 6 Af ð3bÞThe constants aM, aA, bM, bA, CM and CA are given by:aM ¼ pMs Mf ; bM ¼ 
aM
CM
; CM ¼ ðdMs
dr
Þ1 ð4aÞ
aA ¼ pAs  Af ; bA ¼ 
aA
CA
; CA ¼ ðdAs
dr
Þ1 ð4bÞwhere CM and CA are the Martensitic and Austenitic stress inﬂuence coeﬃcients.Ms and As are the stress-free
start temperature of Martensite and Austenite; Mf and Af are the stress-free ﬁnish temperature of Martensite
and Austenite, respectively.
When the SMA ﬁber is used to construct the SMA reinforced composite, the eﬀective thermo-elastic
properties of the SMA composite material are related to the thermo-elastic properties of the sub-compo-
nents. In order to derive the detailed expressions for the elastic modulus of the SMA reinforced composite,
the micromechanics method is used, speciﬁcally the Mori–Tanaka mean ﬁeld theory to obtain the general
thermo-elastic properties. Based on previous micromechanical analyses, it is reasonably assumed in the pro-
posed model that the phase transformation-induced eigenstrains and strains in the SMA ﬁber are constant;
Mura (1987); Sun and Hwang (1993); Lagoudas and Bo (1994). If the SMA composite operates at a room
temperature, the thermo-stress eﬀect on the composite properties can be neglected. Further, in light of the
micromechanics model for ferroelectric ceramics with an inherent spontaneous strain, the overall eﬀective
elastic properties C* of the SMA composite can be similarly derived from the quasi-static micromechanics
method – Mori–Tanaka mean ﬁeld theory in the following forms (Mura, 1987; Cheng et al., 1999, 2000b,
2002):hri ¼ Chei ¼ Cðe0 þ vfSMAeÞ ¼ r0 ð5aÞ
e ¼ ½Cmatrix þ ð1 vfSMAÞðCmatrix  CSMAÞðS IÞ1
 ðCSMA  CmatrixÞ½e0 þ ð1 vfSMAÞðS IÞe
ð5bÞwhere C*, CSMA and Cmatrix are the elastic properties of the eﬀective medium, SMA ﬁber and matrix, respec-
tively. e** is the ﬁctitious eigenstrain due to the inhomogeneous SMA ﬁber and e* is the inherent strain of the
SMA ﬁber caused by the phase transformation and temperature change. S is the Eshelby’s tensor and I is the
fourth-order identity tensor (Mura, 1987). e0 is the strain induced by the external applied stress r0 and
r0 = Cmatrixe
0; Cheng et al. (1999, 2000b, 2002). It is noted that the eﬀective elastic properties are also related
to the applied stress.
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In order to analyze the eﬀect of the SMA composite layer on the stress distribution in the adhesive layer, the
eﬀect of the temperature change induced stress on the forces and moments at the joint edges needs to be eval-
uated. This eﬀect dominantly determines the stress distribution in the adhesive layer as indicated in previous
studies; Roberts (1989); Cheng et al. (1991); Cheng and Taheri (2005); Cheng and Taheri (2006); Cheng et al.
(2006a) and Cheng et al. (2006b). Considering the proposed smart single-strap joint subjected to an axial force,
as shown in Fig. 4, it is assumed that the plane section in each adherend would remain plane after deforma-
tion. Further, due to the symmetric characteristics of the single-strap joint system, only half the joint needs to
be considered. It is then divided into three parts; Fig. 5. Based on the representative volume model for the
joint, as shown in Fig. 5(a), and the basic analytical solution in Appendix A, the equilibrium equations for
each part of the joint, as shown in Fig. 5, can be obtained in the following forms:D11
o4w1
ox41
 P o
2w1
ox21
¼ 0; 0 < x1 < l1 ð6aÞ
D12
o4w2
ox42
þ o
2M2SMA
ox22
 ðP þ N 2SMAÞ o
2w2
ox22
¼ 0; 0 < x2 < l2 ð6bÞ
D22
o4w3
ox43
þ o
2M3SMA
ox23
 ðP þ N 3SMAÞ o
2w3
ox23
¼ 0; 0 < x3 < l3 ð6cÞwhere D11, D12 and D22 are the stiﬀness of the Part I, Part II and Part III as shown in Fig. 5. NiSMA and MiS-
MA(i = 2,3) are the resultant forces and moments caused by the eigenstrain-induced recovery stress in the inte-
grated SMA composite layer, which will be obtained in the last section.
Due to symmetry, the shear force at x3 = 0 is equal to zero and the shear force at x1 = 0 is also equal to
zero; Fig. 5. Therefore, the boundary conditions for the three parts of the smart single-strap joint system
can be expressed as:w1 ¼ w1;xx ¼ 0 at x1 ¼ 0
w3 ¼ w3;xx ¼ 0 at x3 ¼ 0and the continuity conditions between the diﬀerent parts are as follows: At the boundary x1 = l1 and x2 = l2:w1 ¼ w2; w1;x ¼ w2;x; D11w1;xx ¼ D12w2;xx þM2SNMA  Pðhb=2þ d12Þ and D11w1;xxx  Pw1;x
¼ ½D12w2;xxx þM2SMA;x  ðP þ N 2SMAÞw2;xAt the boundary x2 = 0 and x3 = l3:P P
SMA layers
Adherend
Adhesive
l1 l2
Symmetric axis
z, 3
hb hb
x, 1
x, 1
zae1
zae2
zasi
zasi+1
zaek
Fig. 4. A schematic view of a smart single-strap joint integrated with SMA reinforced layers.
Fig. 5. (a) A representative segment model of a beam subjected to bending moments and axial forces. (b) A symmetrical single-strap joint
system.
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D12w2;xx ¼ D22w3;xx þM3SMA  Pðd22  d12Þ and
D12w2;xxx þM2SMA;x  ðP þ N 2SMAÞw2;x ¼ ½D22w3;xxx þM3SMA;x  ðP þ N 3SMAÞw3;xwhere d12 and d22 are the neutral plane eccentric distances of the Part II and Part III; Fig. 5.
With the above boundary and continuity conditions, the unknown coeﬃcients Ai, Bi and Ci (i = 1,2,3) of
the basic analytical solution in Appendix A for the three parts can be analytically solved. Further, the general
solution represented by the mid-plane deﬂections w1, w2 and w3 of the three parts can be obtained from the
above assumed expressions. Thus, substitution of the deﬂection solutions into the force and moment expres-
sions can obtain the moments and forces applied at the joint edges as shown in Fig. 5, in the following forms:Ma ¼D22 d
2w3
dx23

x3¼l3
¼ D22a23 sinh½a3l3C3 ð7aÞ
Mb ¼D11 d
2w1
dx21

x1¼l1
¼ D11a21 sinh½a1l1C1 ð7bÞ
Qa ¼Qb ¼ D11w1;xxx  Pw1;xjx1¼l1 ð7cÞ
The forces and moments at the joint edges are dependent on the eigenstrain-induced recovery stress of the inte-
grated SMA composite layer. It is worth mentioning that the above obtained forces and moments at the joint
edges can be regarded as the prescribed boundary conditions in the theoretical model analysis for stress dis-
tributions in the adhesive layer.
5. Theoretical model for stress distributions in the adhesive layer
In order to theoretically predict the eﬃciency of the smart joint system integrated with SMA ﬁber rein-
forced layers, as shown in Fig. 2(b) and (c), the ﬁrst-order shear deformation theory is employed to carry
out a detailed stress analysis in the adhesive layer. Considering the proposed smart single-strap joint subjected
to an axial force, as shown in Fig. 4, it is assumed that the plane section in each adherend would remain plane
after deformation. Thus, the displacement ﬁelds of the ﬁrst-order shear deformation theory are presented for
the upper and bottom adherends in the following forms:ua ¼ua0 þ za/ax ð8aÞ
wa ¼wa0 ð8bÞ
ub ¼ub0 þ zb/bx ð8cÞ
wb ¼wb0 ð8dÞ
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ua0, wa0, ub0 and wb0 are the middle-plane displacements at z = 0 in the upper and bottom adherends along the
x-axis and z-axis, respectively. /ax and /bx are the rotations of the transverse normal about the x-axis in the
upper and bottom adherends, respectively.
Further, the strains of the adherends can be obtained from the displacement on the basis of the ﬁrst-order
shear deformation theory as follows:e11a ¼ dua
dx
¼ dua0
dx
þ za d/ax
dx
ð9aÞ
c13a ¼
dwa0
dx
þ /ax ð9bÞ
e11b ¼ dub
dx
¼ dub0
dx
þ zb d/bx
dx
ð9cÞ
c13b ¼
dwb0
dx
þ /bx ð9dÞBy considering the eﬀect of the SMA and temperature change, the stresses in the upper and bottom adherends
as shown in Fig. 4 can be obtained as follows:
In the elastic bottom adherend:r11b ¼ E11b½e11b  a11bðT 1  T 0Þ ¼ E11b dub0
dx
þ zb d/bx
dx
 
 a11bðT 1  T 0Þ
 
ð10aÞFor the upper adherend integrated with the SMA layer, as shown in Fig. 2(b) and (c), it can be divided into
elastic layers and the SMA reinforced layer to represent the stress-strain relationships for the diﬀerent layers
as:
In the elastic layers:r11ae ¼ E11ae½e11a  a11aeðT 1  T 0Þ ¼ E11ae dua0
dx
þ za d/ax
dx
 
 a11aeðT 1  T 0Þ
 
ð10bÞIn the SMA composite layers:r11as ¼ E11ase11as  aasðT 1  T 0Þ ¼ E11as dua0
dx
þ za d/ax
dx
 
 aasðT 1  T 0Þ ð10cÞwhere E11as and aas are the eﬀective elastic modulus and coeﬃcient of thermal expansion of the SMA compos-
ite, respectively.
Since the adhesively bonded joint systems always work at room temperatures, the thermal stress in the
above equations can be neglected for the resultant forces and moments calculation. The resultant forces
and moments can be obtained by integrating the stresses over the cross-section area A of the upper and bot-
tom adherends, respectively, in the following forms:
Fig. 6.
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Z ha
2
ha2
r11a dz ¼
Xk
i¼1
Z zaeiþ1
zaei
E11aee11a dzþ
Z zasiþ1
zasi
E11ase11a dz ¼ Aa11 dua0
dx
þ Ba11 d/ax
dx
ð11aÞ
Ma ¼
Z ha
2
ha2
r11azdz ¼
Xk
i¼1
Z zaeiþ1
zaei
E11aee11azdzþ
Z zasiþ1
zesi
E11ase11azdz ¼ Ba11 dua0
dx
þ Da11 d/ax
dx
ð11bÞ
Qa ¼
5
6
Z ha
2
ha2
r13a dz ¼ 5
6
Z ha
2
ha2
Ga
dwa0
dx
þ /ax
 
dz ¼ 5haGa
6
dwa0
dx
þ /ax
 
¼ Aa44 dwa0
dx
þ /ax
 
; ð11cÞ
Nb ¼
Z hb
2
hb2
r11b dz ¼
Z hb
2
hb2
E11be11b dz ¼
Z hb
2
hb2
E11bðdub0
dx
þ z d/bx
dx
Þdz ¼ hbE11b dub0
dx
¼ Ab11 dub0
dx
ð11dÞ
Mb ¼
Z hb
2
hb2
r11bzdz ¼
Z hb
2
hb2
E11b
dub0
dx
þ z d/bx
dx
 
zdz ¼ h
3
bE11b
12
d/bx
dx
¼ Db11 d/bx
dx
; ð11eÞ
Qb ¼
5
6
Z hb
2
hb2
r13b dz ¼ 5
6
Z hb
2
hb2
Gb
dwb0
dx
þ /bx
 
dz ¼ 5hbGb
6
dwb0
dx
þ /bx
 
¼ Ab44 dwb0
dx
þ /bx
 
ð11fÞwhere the stiﬀness coeﬃcients in the above equations can be obtained by:ðAmn;Bmn;DmnÞ ¼
Xk
i¼1
Z ziþ1
zi
Cimnð1; z; z2Þdz ð12ÞIn terms of the static equilibrium conditions for each layer as shown in Fig. 6 for the inﬁnitesimal elements of
the joint section, the fundamental equilibrium equations for any segment of the smart single-lap joint can be
obtained by assuming a unit width to the whole beam (with a rectangular cross section) as follows:
In the upper adherend of the joint:dNa
dx
þ s1 ¼ 0; dMa
dx
 Qa þ
ha
2
s1 ¼ 0; dQa
dx
þ r1 ¼ 0 ð13aÞIn the bottom adherend of the joint:dNb
dx
 s1 ¼ 0; dMb
dx
 Qb þ
hb
2
s1 ¼ 0; dQb
dx
 r1 ¼ 0 ð13bÞwhere the stresses r1, s1 and strains e1, c1 are the stresses and strains of the adhesive layer and can be derived
from the mid-plane displacements (ua0, wa0), (ub0, wb0) and rotations /ax and /bx of the upper and bottom
adherends in the following forms:Na Na+dNa
QaMa
Qa+dQa
Ma+dMa
τ1σ1
ha
τ1
τ 1
τ1
Nb Nb+dNb
QbMb
Qb+dQb
Mb+dMb
σ1
h0
hb
a
b
c
The stress and forces on the inﬁnitesimal element of a joint system: (a) the upper layer (adherend), (b) the adhesive layer, (c) the
layer (adherend).
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e1 ¼ E0ð1 v20Þ
ðwb0  wa0Þ
h0
ð14aÞ
s1 ¼ G0c1 ¼
G0
h0
ðub0  ua0Þ  hb
2
/bx þ
ha
2
/ax
  
ð14bÞwhere E0 and m0 are the Young’s modulus and Poisson’s ratio of the adhesive, respectively. The following 12
boundary conditions should be satisﬁed along the boundary edges (x = ±l) of the joint system subjected to
external loading, as shown in Fig. 6:NaðlÞ ¼ ~NaðlÞ; MaðlÞ ¼ ~MaðlÞ; QaðlÞ ¼ ~QaðlÞ
NaðlÞ ¼ ~NaðlÞ; MaðlÞ ¼ ~MaðlÞ; QaðlÞ ¼ ~QaðlÞ
NbðlÞ ¼ ~NbðlÞ; MbðlÞ ¼ ~MbðlÞ; QbðlÞ ¼ ~QbðlÞ
NbðlÞ ¼ ~NbðlÞ; MbðlÞ ¼ ~MbðlÞ; QbðlÞ ¼ ~QbðlÞ:
ð15Þwhere the superscript ‘‘’’ denotes the prescribed boundary conditions as obtained in the last section.
Substituting the resultant forces and moments into the fundamental equilibrium equations, i.e. Eq. (13), the
displacement and rotation-based governing equations can be obtained as:Aa11
d2ua0
dx2
þ Ba11 d
2/ax
dx2
þ G0
h0
ðub0  ua0Þ  hb
2
/bx þ
ha
2
/ax
  
¼ 0 ð16aÞ
Ba11
d2ua0
dx2
þ Da11 d
2/ax
dx2
 Aa44 dwa0
dx
þ /ax
 
þ ha
2
G0
h0
ðub0  ua0Þ  hb
2
/bx þ
ha
2
/ax
  
¼ 0 ð16bÞ
Aa44
d2wa0
dx2
þ d/ax
dx
 
þ E0ð1 v20Þ
ðwb0  wa0Þ
h0
¼ 0 ð16cÞ
Ab11
d2ub0
dx2
 G0
h0
ðub0  ua0Þ  hb
2
/b0 þ
ha
2
/a0
  
¼ 0 ð16dÞ
Db11
d2/bx
dx2
 Ab44 dwb0
dx
þ /bx
 
þ hb
2
G0
h0
ðub0  ua0Þ  hb
2
/bx þ
ha
2
/ax
  
¼ 0 ð16eÞ
Ab44
d2wb0
dx2
þ d/bx
dx
 
 E0ð1 v20Þ
ðwb0  wa0Þ
h0
¼ 0 ð16fÞThe above equations are a series of coupled constant coeﬃcient second-order diﬀerential equations. Thus, the
state-space method can be utilized to solve them analytically; Bay (1999). In order to construct the state equa-
tions, some new unknown functions must be ﬁrst introduced, as follows:Z1 ¼ ua0; Z2 ¼ Z 01 ¼
dua0
dx
; Z3 ¼ /ax; Z4 ¼ Z 03 ¼
d/ax
dx
; Z5 ¼ wa0; Z6 ¼ Z 05 ¼
dwa0
dx
;
Z7 ¼ ub0; Z8 ¼ Z 07 ¼
dub0
dx
; Z9 ¼ /bx; Z10 ¼ Z 09 ¼
d/bx
dx
; Z11 ¼ wb0; Z12 ¼ Z 011 ¼
dwb0
dxBased on the above introduced unknown variables, the displacement-based governing equations (Eqs. (16a–
f)), can be rewritten as a ﬁrst-order state equation system:fZg0 ¼ ½HfZg ð17Þ
and the peel and shear stresses in the adhesive layer (Eq. (14)) can be obtained by:r1 ¼ 0 0 0 0 E0ð1 v20Þh0
0 0 0 0 0
E0
ð1 v20Þh0
0
 
fZg ð18aÞ
s1 ¼ G0h0 0 
G0ha
2h0
0 0 0
G0
h0
0  G0hb
2h0
0 0 0
 
fZg ð18bÞwhere [H] is a 12 · 12 dimension matrix and its non-zero components are presented in Appendix B.
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multiply Eq. (17), which results in a perfect diﬀerential on the left-hand side:ex½H½fZg0  ½HfZg ¼ 0 ð19aÞ
d
dx
ex½HZðxÞ  ¼ 0 ð19bÞIntegrating both sides of Eq. (20) over the dummy variable # from x0 to x, the ﬁnal solution is in the following
form:ZðxÞ ¼ ex½Hfkg ð20Þ
where the matrix [H] has an eigenvalue involving zero with multiplicity of six. {k} is a vector with 12 unknown
coeﬃcients determined by the boundary conditions applied at x = ±l (Eq. (15)) and the strain–stress and
strain–displacement relations (Eqs. (9 and 10)). Once the unknown coeﬃcients {k} are determined by the
boundary conditions, the peel and shear stresses in the adhesive layer can be analytically obtained by Eq. (18).6. Numerical study and discussion
Some numerical examples based on the above theoretical analysis are presented to evaluate the eﬀect of the
integrated SMA ﬁber reinforced composite layer on the stress redistributions in the adhesive layer when the
smart single-strap joint is subjected to a mechanical load. The material properties and geometric parameters
for the adherends (E-glass/epoxy laminate), adhesive and SMA ﬁber used in the present study are listed as
follows:
Adherends: E1 = E2 = 26.4 GPa, l1 = l2 = 0.17;
Adhesive: Ea = 4.24 GPa, Ga = 1.46 GPa, la = 0.45;
SMA ﬁber and polymer matrix properties:SMA ﬁber: EA = 57.65 · 109 N/m2, EM = 10.3 · 109 N/m2, v = 0.33,
Mf = 21.5 C, Ms = 37.8 C, As = 21.0 C, Af = 43.7 C,
# = 745.8 · 103 N/m2, X = 0.91 · 109 N/m2, T0 = 25.0 C,
CM = 16.2 MPa/C, CA = 2.36 MPa/C;
Polymer material properties:Ematrix = 2.0 · 109 N/m2, vmatrix = 0.45, amatrix = 75.0 · 106/C
l1 = 500 mm; l2 = 50 mm; l3 = 5 mm, hadhesive = 0.5 mm, hb = 3 mm, ha = 3 mm.
In order to verify the composite action and eﬃciency of the integrated SMA layer, some numerical results
for the recovery force of the SMA composite, on the basis of the previous quasi-static micromechanics model
analysis, are calculated to study the eﬀect of the SMA ﬁber volume fraction and treating temperature on the
deformation of the SMA composite. Fig. 7 shows the eﬀect of the SMA ﬁber volume fraction on the inherent
eigenstrain-induced recovery extension deformation of the SMA composite, obtained by Eq. (5). It is clear
from Fig. 7 that the recovery extension strain increases as the volume fraction of the SMA ﬁber/wire increases
in the stress-free case. Evidently, the treating temperature of the SMA composite also has a signiﬁcant eﬀect on
the recovery strain/stress of the SMA composite; Fig. 8. The results in Fig. 8 indicate that the recovery stress
increases as the treating temperature increases. From these numerical analyses of the inherent recovery strain
and stress of the SMA composite, it is found that the recovery strain/stress of the SMA composite can be
smartly adjusted by the treating temperature and the volume fraction of the SMA ﬁber.
Further, in the light of the smart joint processing method, the analysis method is employed to study the
eﬀect of the recovery stress/strain of the SMA reinforced composite layer on the forces and moments at
the joint edges. For the convenience of calculation, the thicknesses of the upper and bottom adherends are
both assumed as 3 mm and the upper adherend is integrated with a 1 mm thick SMA composite layer. In term
of Eqs. (5 and 7), the eﬀect of the recovery forces of the surface bonded SMA composite layer caused by the
phase transformation on the bending moments at the joint edges is shown in Fig. 9. The numerical results in
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Fig. 7. The volume fraction of SMA vs. the eigenstrain-induced recovery extension strain of the SMA reinforced composite with the
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Fig. 8. The inﬂuence of the temperature on the eigenstrain-induced recovery stress of a SMA reinforced composite (vfSMA = 0.1) in a
stress-free case.
3568 J. Cheng et al. / International Journal of Solids and Structures 44 (2007) 3557–3574Fig. 9 reveal that the moment ratioMb/Ma at the joint edges can be changed by the recovery force of the SMA
composite layer with an increasing trend. In order to explicitly understand the eﬀect of the treating tempera-
ture and the volume fraction of the SMA ﬁber on the moment ratio Mb/Ma at the joint edges; the results are
depicted in Fig. 10. The moments at the joint edges can be adaptively controlled by adjusting the treating20000 40000 60000 80000
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Fig. 9. The inﬂuence of the eigenstrain-induced recovery forces of the SMA composite layers on the moment ratio Mb/Ma at the joint
edges under an axial extension force P = 37,500 N.
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tem under any extreme loading condition.
Once the bending moments and forces at the joint edges are determined, the composite action and eﬃciency
of the integrated SMA composite layer on the stress distribution in the adhesive layer can be investigated. This
is conducted based on the previous stress analysis model in Section 5. When the treating temperature of the
SMA composite is at room temperature, 25 C, i.e. the joint working temperature, it is reasonable to assume
that the SMA does not create any eigenstrain-induced recovery strain/stress. For this case, the smart joint sys-
tem is regarded as a normal single-strap joint without any smart control function. Now, the composite action
of the surface bonded SMA composite layer on the peel/shear stress distributions in the adhesive layer can be
clariﬁed by the detailed numerical results. Figs. 11 and 12 show the eﬀect of the SMA ﬁber volume fraction at
a constant treating temperature and Figs. 13 and 14 show the eﬀect of the composite layer treating tempera-
tures at a constant SMA volume fraction (vfSMA = 0.1). From Figs. 11 and 12, the volume fraction of the
SMA ﬁber in the integrated SMA reinforced composite layer has a signiﬁcant eﬀect on the peel and shear
stress distributions in the adhesive layer. Compared to the normal joint system as deﬁned above, Figs. 13
and 14 indicate that the treating temperature of the SMA composite also signiﬁcantly aﬀect the peel and shear
stress distributions in the adhesive layer. From Figs. 13 and 14, the maximum peel and shear stresses will
reduce as the treating temperature increases. In order to clearly show the inﬂuence, Fig. 15 numerically sum-
marizes the change of the maximum peel and shear stresses in the adhesive bond-line with the treating tem-
perature. The numerical results in Fig. 15 indicate that the maximum peel stress can be signiﬁcantly
reduced from about 23 MPa at a treating temperature 25 C (normal joint system) to about 19 MPa at a treat-
ing temperature 35 C, or further to about 17 MPa at a treating temperature 44 C. Similarly, the maximum
shear stress in the adhesive layer can be reduced in the same manner. The above numerical results validate thatx (m)
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Fig. 11. The eﬀect of the volume fraction of the SMA ﬁber with a treating temperature 40 C on the peel stress distribution in the adhesive
layer of joint at P = 37,500 N.
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Fig. 12. The eﬀects of the volume fraction of the SMA ﬁber with a treating temperature 40 C on the shear stress distribution in the
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3570 J. Cheng et al. / International Journal of Solids and Structures 44 (2007) 3557–3574reasonable treating temperature and the SMA ﬁber volume fraction of the SMA composite can eﬀectively and
adaptively reduce the maximum peel and shear stresses in the adhesive layer so as to improve the joint strength
capacity.
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In order to improve the strength capacity of the adhesively bonded joint system, design and analysis of a
smart single-strap joint system is presented by considering the elastic and shape memory behaviors of the inte-
grated SMA composite laminate. In the smart joint system, the moments and forces at the joint edges can be
adaptively controlled by the integrated SMA composite layer so as to adjust the shear and peel stresses dis-
tribution in the adhesive layer. In order to theoretically analyze the eﬀect of the integrated SMA composite
layers on the peel and shear stresses distribution, an analytical model based on the ﬁrst-order shear deforma-
tion theory was developed to carry out the detailed stress analyses once the moments and forces at the joint
edges were determined. Some detailed numerical examples are calculated and presented to validate the com-
posite action and eﬃciency of the SMA reinforced composite layer. It is clear from the numerical results that
increasing the processing temperature and/or increasing the volume fraction of the embedded SMA ﬁber/wire
can eﬀectively reduce the maximum peel and shear stresses in the adhesive layer. It is conﬁrmed from the
numerical analyses that the SMA provides an eﬀective way of enhancing the load carrying capacity of com-
posite joints.Acknowledgement
The authors thank Mr. Jerry Alan Peck for revising the English.Appendix A
The representative volume model for the bending moments and shear forces at the joint edges:
When the beam is subjected to a bending moment and an axial force, a representative section of the beam
with a length dx is shown in Fig. 4. Once the inﬁnitesimal deﬂection dw occurs, the equilibrium equation of the
representative volume model (RVM) with the inﬁnitesimal deﬂection can be obtained from the force balance
condition of the RVM:EI
o4w
ox4
 p o
2w
ox2
¼ 0 ðA-1Þwith the following deﬁnition of the bending moment and shear forces:
3572 J. Cheng et al. / International Journal of Solids and Structures 44 (2007) 3557–3574M ¼EI o
2w
ox2
ðA-2Þ
Q ¼EI o
3w
ox3
 p ow
ox
ðA-3ÞFor the above fourth-order diﬀerential Eq. A-1, the general mathematical solution can be expressed as:wðxÞ ¼ Aþ Bxþ C sinh½ax þ D cosh½ax ðA-4Þ
where a2 ¼ pEI, A, B, C and D are constants of integration and can be determined by the relevant boundary
conditions.Appendix B
The non-zero components of the matrix [H] in Eq. (17) are presented as follows:Hð1; 2Þ ¼ Hð3; 4Þ ¼ Hð5; 6Þ ¼ Hð7; 8Þ ¼ Hð9; 10Þ ¼ Hð11; 12Þ ¼ 1;
Hð2; 1Þ ¼  ð0:5haBa11  Da11Þ
Aa11Da11  B2a11
G0
h0
; Hð2; 3Þ ¼  ð0:5haBa11  Da11Þ
Aa11Da11  B2a11
haG0
2h0
 Aa44Ba11
Aa11Da11  B2a11
;
Hð2; 6Þ ¼  Aa44Ba11
Aa11Da11  B2a11
; Hð2; 7Þ ¼ ð0:5haBa11  Da11Þ
Aa11Da11  B2a11
G0
h0
;
Hð2; 9Þ ¼  ð0:5haBa11  Da11Þ
Aa11Da11  B2a11
hbG0
2h0
;
Hð4; 1Þ ¼ G0
h0
Ba11  0:5Aa11ha
Aa11Da11  B2a11
; Hð4; 3Þ ¼ Aa44Aa11
Aa11Da11  B2a11
 G0
h0
Ba11  0:5Aa11ha
Aa11Da11  B2a11
ha
2
;
Hð4; 6Þ ¼ Aa44Aa11
Aa11Da11  B2a11
; Hð4; 7Þ ¼ G0
h0
Ba11  0:5Aa11ha
Aa11Da11  B2a11
; Hð4; 9Þ ¼ G0
h0
Ba11  0:5Aa11ha
Aa11Da11  B2a11
hb
2
;
Hð6; 4Þ ¼ 1; Hð6; 5Þ ¼ 1
Aa11
E0
ð1 v20Þh0
; Hð6; 11Þ ¼ Hð6; 5Þ;
Hð8; 1Þ ¼  G0
Ab11h0
; Hð8; 3Þ ¼  G0ha
2Ab11h0
; Hð8; 7Þ ¼ Hð8; 1Þ; Hð8; 9Þ ¼  G0hb
2Ab11h0
;
Hð10; 1Þ ¼ G0hb
2Db11h0
; Hð10; 7Þ ¼ Hð10; 1Þ; Hð10; 3Þ ¼ G0hahb
4Db11h0
;
Hð10; 9Þ ¼ Ab44
Db11
þ G0h
2
b
4Db11h0
;Hð10; 12Þ ¼ Ab44
Db11
;
Hð12; 5Þ ¼  1
Ab44
E0
ð1 v20Þh0
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